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Abstract

In this work, we demonstrate how physical principles – such as symmetries, invariances,
and conservation laws – can be integrated into the dynamic mode decomposition (DMD). DMD
is a widely-used data analysis technique that extracts low-rank modal structures and dynam-
ics from high-dimensional measurements. However, DMD frequently produces models that
are sensitive to noise, fail to generalize outside the training data, and violate basic physi-
cal laws. Our physics-informed DMD (piDMD) optimization, which may be formulated as
a Procrustes problem, restricts the family of admissible models to a matrix manifold that re-
spects the physical structure of the system. We focus on five fundamental physical principles
– conservation, self-adjointness, localization, causality, and shift-invariance – and derive sev-
eral closed-form solutions and efficient algorithms for the corresponding piDMD optimiza-
tions. With fewer degrees of freedom, piDMD models are less prone to overfitting, require
less training data, and are often less computationally expensive to build than standard DMD
models. We demonstrate piDMD on a range of challenging problems in the physical sciences,
including energy-preserving fluid flow, travelling-wave systems, the Schrdinger equation, so-
lute advection-diffusion, a system with causal dynamics, and three-dimensional transitional
channel flow. In each case, piDMD significantly outperforms standard DMD in metrics such
as spectral identification, state prediction, and estimation of optimal forcings and responses.

1 Introduction

Integrating partial knowledge of physical principles into data-driven techniques is a primary goal
of the scientific machine learning (ML) community [1]. Physical principles – such as conserva-
tion laws, symmetries, and invariances – can be incorporated into ML algorithms in the form of
inductive biases, thereby ensuring that the learned models are constrained to the correct physics.
Recent successful examples of ML algorithms that have been modified to respect physical prin-
ciples include neural networks [2–10], kernel methods [11, 12], deep generative models [13], and
sparse regression [14–18]. These examples demonstrate that incorporating partially-known phys-
ical principles into machine learning architectures can increase the accuracy, robustness, and gen-
eralizability of the resulting models, while simultaneously decreasing the required training data.
In this work, we integrate knowledge of physical principles into one of the most widely-used
methods in data-driven dynamical systems research: the dynamic mode decomposition [19–24].

∗ Corresponding author (baddoo@mit.edu).
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The dynamic mode decomposition (DMD) is a data diagnostic technique that extracts coherent
spatial-temporal patterns from high-dimensional time series data [19, 24]. Although DMD orig-
inated in the fluid dynamics community [19], the algorithm has since been applied to a wealth
of dynamical systems including in epidemiology [25], robotics [26, 27], neuroscience [28], quan-
tum control [29], power grids [30], and plasma physics [31, 32]. Despite its widespread successes,
DMD is highly sensitive to noise [33–35], fails to capture travelling wave physics, and can produce
overfit models that do not generalize. Herein, we demonstrate that integrating physics into the
learning framework can help address these challenges.

Suppose that we are studying a dynamical system defined by ẋ = F (x) (continuous time) or
xk+1 = F (xk) (discrete time) where F : Rn → Rn is unknown. DMD identifies the best low-rank
linear approximation of F given a collection of m pairs of measurements {xj ,yj}; in other words,
DMD seeks a rank r matrixA ∈ Rn×n such that

yj ≈ Axj (1)

for j = 1, . . . ,m. Arranging the data measurements into n × m matrices X and Y allows us to
phrase the above formally as

DMD regression:DMD regression:DMD regression:DMD regression:DMD regression:DMD regression:DMD regression:DMD regression:DMD regression:DMD regression:DMD regression:DMD regression:DMD regression:DMD regression:DMD regression:DMD regression:DMD regression: argmin
rank (A)=r

‖Y −AX‖F . (2)

After approximately solving (2), the DMD process computes the dominant spectral properties
of the learned linear operator [19–24]. The rank-r constraint in (2) is motivated by the assumed
modal structure of the system but doesn’t account for other important physical properties. For
example, one limitation of DMD is that the solution of (2) lies within the span of Y , so the learned
model rarely generalizes outside the training regime. We address this limitation and others by
embedding partial physics knowledge into the learning process.

In this work, we incorporate physical principles into the optimization (2) by constraining the
solution matrixA to lie on a matrix manifoldM⊆ Rn×n:

piDMD regression:piDMD regression:piDMD regression:piDMD regression:piDMD regression:piDMD regression:piDMD regression:piDMD regression:piDMD regression:piDMD regression:piDMD regression:piDMD regression:piDMD regression:piDMD regression:piDMD regression:piDMD regression:piDMD regression: argmin
A∈M

‖Y −AX‖F . (3)

The matrix manifoldM is dictated by the known physics of the system at hand. For example, we
may selectM such that its members satisfy certain symmetries that we known are obeyed by the
system at hand. We call (3) ‘physics-informed DMD’ (piDMD) as the optimization integrates under-
lying knowledge of the system physics into the learning framework. Again, the spectral features
of the solution of (3) can be computed to give insight into the modes that dominate the system
and their dynamics. The low-rank DMD regression (2) is a special case of piDMD whereM is the
manifold of rank-r matrices. However, piDMD models are not always low rank (see, for exam-
ple, §4.4) but nevertheless have few degrees of freedom due to the physics-informed constraints.
Constraining the solution matrix improves the generalizability of the learned model, reduces sen-
sitivity to noise and reduces the demand for large training sets. More broadly, constraining a
linear, dimensionality-reduced model to a manifold M has been shown to result in a variety of
optimization formulations and techniques which can improve low-rank approximations [36]. In
figure 1 we compare the performance of standard (2) and physics-informed (3) DMD for a simple
travelling wave. We constrain the piDMD model to the shift-invariant symmetry of the underlying
system. As a result, the piDMD model produces an accurate prediction of the future dynamics,
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Figure 1: Comparing standard dynamic mode decomposition (specifically, optimized DMD [23])
and physics-informed dynamic mode decomposition applied to the advection equation. The data
is contaminated with 2% additive Gaussian noise. Having trained DMD models, we then per-
form predictions for different initial conditions. Standard DMD fails whereas piDMD produces a
faithful prediction. In the figure, Sφ represents the shift operator (see §4.1).

whereas the standard DMD model blows up immediately. This simple example illustrates that
embedding basic physics into DMD can substantially improve the algorithm’s performance.

The optimization problem (3) is well-known in the statistical literature as a Procrustes problem [37–
49]. Our recasting of the DMD regression as a Procrustes problem is a new connection, and is the
basis of piDMD. This perspective enables us to leverage the substantial extant work on Procrustes
problems into new application areas. The literature contains many exact solutions for Procrustes
problems, including notable cases of orthogonal matrices [45], and symmetric matrices [41].

A significant challenge in physics-informed ML architectures is to develop implementations
that incorporate known physics but also scale well to higher dimensions [1]. A major contribution
of this work is several exact solutions, in terms of standard linear algebra operations, of Procrustes
problems of physical relevance. Where possible, we have made use of matrix factorizations and
low-rank representations to alleviate the computational burden of implementation; it is rarely
necessary to form A explicitly when computing its spectral properties or other diagnostics. For
complicated matrix manifolds, an exact solution of the Procrustes problem (3) may be intractable
and we must resort to algorithmic approaches. Fortunately, optimization on matrix manifolds is
a mature field [50], and many algorithms are implemented in the open source software package
‘Manopt’ [51, www.manopt.org].

The remainder of the paper is arranged as follows. In section 2 we provide background in-
formation on DMD and Procrustes problems. Then, in section 3, we describe the broad frame-
work of piDMD. We consider a range of applications in section 4, with a focus on shift-invariant,
conservative, self-adjoint, local and causal systems. Section 5 concludes with a discussion of
the limitations of piDMD and suggests several future research directions. An open source im-
plementation of piDMD with support for over 30 matrix manifolds is available in MATLAB at
www.github.com/baddoo/piDMD.
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2 Mathematical background

In this section we provide further details on DMD and Procrustes problems. Throughout the arti-
cle, we assume that we have access tom snapshots pairs of n features each: {(xj , yj), j = 1, . . . ,m}.
For example, xj may be a discretized fluid flow field at time tj and yj may be the flow field at the
next time step tj+1. It is convenient to arrange the data into n×m snapshot matrices of the form

X =

 | | |
x1 · · · xm
| | |

 =

 x̃1...
x̃n

 , Y =

 | | |
y1 · · · ym
| | |

 =

 ỹ1...
ỹn

 (4)

so that rows i of X and Y are the measurements of the i-th features and columns j are the j-th
temporal snapshots. Henceforth, we use ·̃ to represent a row vector.

2.1 Dynamic mode decomposition

DMD was initially proposed as a dimensionality reduction technique that extracts dominant spatio-
temporal coherent structures from high-dimensional time-series data [19]. In particular, DMD
identifies the leading-order spatial eigenmodes of the matrix A in (1), along with a linear model
for how the amplitudes of these coherent structures evolve in time. DMD has been applied to a
range of systems, as summarized in the monograph [22] and the recent review by Schmid [24].

To address the challenges associated with DMD, researchers have derived many variations on
the original algorithm, including sparsity promoting DMD [52], DMD with control [53], noise-
robust variants [23, 33–35], recursive DMD [54], online DMD [55, 56], and versions for under-
resolved data in space or time [57–59]. At present, the most widely used variant is ‘exact DMD’
[21], which phrases the DMD solution in terms of the Moore–Penrose pseudoinverse. This so-
lution produces a more even distribution of errors between the terms. Due to its simplicity and
widespread use, most of the comparisons in this paper are made between exact DMD and piDMD.

It is assumed that each xj and yj are connected by an unknown dynamical system of the form
yj = F (xj); for discrete-time dynamics yj = xj+1 and for continuous-time dynamics yj = ẋj .
DMD aims to learn the dominant behaviour of F by finding the best linear approximation for
F given the data and then performing diagnostics on that approximation. Thus, DMD seeks the
linear operatorA that best maps the snapshots in the set {xj} to those in the set {yj}:

yj ≈ Axj for j = 1, . . . ,m. (5)

Expressed in terms of the snapshot matrices in (4), the linear system in (5) becomes

Y ≈ AX, (6)

and the optimization problem for A is given by (2). The minimum-norm solution for A is given
by

A = Y X† = Y V Σ†U∗, (7)

where † indicates the Moore–Penrose pseudoinverse [60] and X = UΣV ∗ is the singular value
decomposition. In many applications, the state dimension n is very large, and forming or storing
A explicitly becomes impractical. Instead, we use a rank-r approximation for A, denoted by
Â, where r � n. To form Â, we construct the optimal rank-r approximation for X using the
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truncated singular value decomposition [61]: X ≈ U rΣrV
∗
r . We then project A onto the leading

r principal components ofX as

Â = U∗rAU r = U∗rY V rΣ
−1
r . (8)

It is now computationally viable to compute the eigendecomposition of Â as

ÂΨ̂ = Ψ̂Λ. (9)

The eigenvectors ofA can be approximated from the reduced eigenvectors Ψ by [21]

Ψ = Y V Σ−1Ψ̂. (10)

This eigendecomposition is connected to the Koopman operator of the system, and allows recon-
structions and predictions [20, 22, 62, 63]. For example, for a discrete-time system (i.e., yk = xk+1)
with evenly spaced samples in time, then the eigenvectors form a linearly independent set and

xj = ΨΛj−1b (11)

where the vector b contains the weights of the modes in the initial condition: b = Ψ†x1. From
the above, it is clear that the eigenvalues Λ govern the temporal behaviour of the system and the
eigenvectors Ψ are the spatial modes.

2.2 Procrustes problems

Procrustes problems (3) comprise of finding the optimal transformation between two matrices
subject to certain constraints on the class of admissible transformations [40, 41, 45]. According to
Greek mythology, Procrustes was a bandit who would stretch or amputate the limbs of his victims
to force them to fit onto his bed. Herein, X plays the role of Procrustes’ victim, Y is the bed,
and A is the ‘treatment’ (stretching or amputation).1 Procrustes problems (3) seek to learn the
treatment A that best represents the data measurements X and Y . The minimization is usually
phrased in the Frobenius norm. Procrustes analysis finds relevance in a wealth of fields including
sensory analysis [64], data visualization [65], neural networks [66], climate science [67], and solid
mechanics [41]. A summary is available in the monograph [40].

The earliest and most common formulation is the ‘orthogonal Procrustes problem’ [40, 45].
Suppose that we have two sets of measurementsX and Y that we know are related by an unitary
(orthogonal) transformation (i.e., a rotation or reflection). The goal is to learn the best unitary
transformation that relates the data measurements. Thus, A is constrained to be a unitary matrix
and the minimization problem is

argmin
A∗A=I

‖Y −AX‖F . (12)

The solution to (12) was derived by Schönemann [45] as

A = UY XV
∗
Y X (13)

where UY XΣY XV
∗
Y X = Y X∗ is a full singular value decomposition. Alternatively, A = UP ,

whereUPHP = Y X∗ is a polar decomposition. The solution is unique if and only if Y X∗ is full-
rank. As we show in section 4.2, a unitary matrix corresponds to an energy-preserving operator.

There are many solutions for Procrustes problems available in the literature for different matrix
constraints [41]. When exact solutions are not possible, algorithmic solutions can be effective [51].
1This terminology was first introduced by Hurley and Cattell [37].
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3 Physics-informed dynamic mode decomposition (piDMD)

Incorporating physics into ML algorithms involves supplementing an existing technique with ad-
ditional biases. Usually, ML practitioners take one of three approaches [1]. First, observational
biases can be embedded through data augmentation techniques; however, augmented data is not
always available, and incorporating additional training samples can become computationally ex-
pensive. Second, physical constraints can be included by suitably penalising the loss function [8].
Third, inductive biases can be incorporated directly into the machine learning architecture in the
form of mathematical constraints [16]. As noted by [1], this third approach is arguably the most
principled method since it produces model that strictly satisfy the physical constraints. piDMD
falls into the final category.

piDMD incorporates physical principles by constraining the matrix manifold of the DMD re-
gression problem (3). We abandon the low-rank representation of A typically sought in model
order reduction in favour of alternative or additional matrix structures more relevant to the phys-
ical problem at hand. In figure 2 we illustrate the matrix structures used in this paper, along with
their corresponding physical principle and references for the optimal solutions.

Analysing a system with the piDMD framework requires four steps: modeling, interpretation,
optimization, and diagnostics:

1. ModelingModelingModelingModelingModelingModelingModelingModelingModelingModelingModelingModelingModelingModelingModelingModelingModeling: When studying a system from a data-driven perspective, it is common to have
some partial knowledge of the underlying physics of the system. This first step in piDMD
asks the user to summarise the known or suspected physical properties of the system at
hand.

2. Interpretation:Interpretation:Interpretation:Interpretation:Interpretation:Interpretation:Interpretation:Interpretation:Interpretation:Interpretation:Interpretation:Interpretation:Interpretation:Interpretation:Interpretation:Interpretation:Interpretation: Having determined the physical principle we would like to enforce, we must
translate these laws into the matrix manifold to which the linear model should be con-
strained. This step involves knowledge of the data collection procedure such as the spatial
grid or the energy inner product.

3. Optimization:Optimization:Optimization:Optimization:Optimization:Optimization:Optimization:Optimization:Optimization:Optimization:Optimization:Optimization:Optimization:Optimization:Optimization:Optimization:Optimization: Equipped with a target matrix manifold, we may now solve the relevant Pro-
crustes problem (3). By suitably modifying the optimization routine, we can guarantee that
the resulting model satisfies the physical principle identified in step 1.

4. Diagnostics:Diagnostics:Diagnostics:Diagnostics:Diagnostics:Diagnostics:Diagnostics:Diagnostics:Diagnostics:Diagnostics:Diagnostics:Diagnostics:Diagnostics:Diagnostics:Diagnostics:Diagnostics:Diagnostics: The final step of piDMD involves extracting physical information from the
learned model A. For example, one may wish to analyse the spectrum or modes, compute
the resolvent modes [68], perform predictions, or investigate other diagnostics.

As an example, consider the travelling wave solution explored in the introduction (figure 1).
We began with the physical principle that the system is shift invariant (‘modeling’), and this lead
us to seek a circulant matrix model (‘interpretation’). We found a solution to the corresponding
Procrustes problem (‘optimization’) and investigated the predictive behaviour of the model (‘di-
agnostics’).

While each of the four steps can be problematic, the optimization step is arguably the most
conceptually and computationally difficult. In particular, finding a solution for the desired Pro-
crustes problem can be challenging. Moreover, any solutions are quite peculiar to the matrix man-
ifold under consideration: the symmetric Procrustes problem is largely unconnected to, say, the
tridiagonal Procrustes problem. Thus, in this article, we present many new solutions for (3) with
different physics-informed matrix manifold constraints. When exact solutions are not possible
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Figure 2: Visual illustrations of the types of matrices, their corresponding physical principles and
references to the solutions of the corresponding optimization problem (3).

(e.g., if the manifold constraint is quite complicated) there are sophisticated algorithmic solutions
available [51].

Standard DMD exploits the low-rank structure of A to efficiently perform diagnostics on the
learned model. Some of the manifolds we consider (such as circulant, tridiagonal, upper trian-
gular) do not have an obvious or useful low-rank approximation. Instead, these matrices often
have an alternative structure that can be exploited to perform fast diagnostic tests. For example,
tridiagonal matrices rarely have a meaningful low-rank approximation, but nevertheless admit a
fast eigendecomposition and singular value decomposition [60].

Some of the matrix manifolds we consider (such as symmetric, triangular, tridiagonal or cir-
culant) can be phrased as linear equality constraints and can, in principle, be solved with linear-
equality constrained least squares [60]. However, the number of equality constraints needed is
O(n2) so the resulting least squares matrix will have O(n2) rows, which is intractably large in
most applications. Thus, we avoid phrasing the piDMD constraints in terms of linear equality
constraints and instead exploit properties of the matrix manifold to find solutions that can be
efficiently implemented (see sections 4.3 and 4.1, for example).
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4 Applying piDMD to enforce canonical physical structures

We now present a range of examples of piDMD. Each of the following sections investigates a
detailed application of piDMD for a specific physical principle. A summary is illustrated in figure
3. The physical principles, corresponding matrix structures, and optimal solutions and extensions
are summarised below:

§4.1: Shift-invariant:Shift-invariant:Shift-invariant:Shift-invariant:Shift-invariant:Shift-invariant:Shift-invariant:Shift-invariant:Shift-invariant:Shift-invariant:Shift-invariant:Shift-invariant:Shift-invariant:Shift-invariant:Shift-invariant:Shift-invariant:Shift-invariant: circulant (and symmetric, skew-symmetric, or unitary, §A.1), low rank (§A.2),
non-equally spaced samples (§A.3), total least squares (§A.4), Toeplitz & Hankel (§A.5)

§4.2: Conservative:Conservative:Conservative:Conservative:Conservative:Conservative:Conservative:Conservative:Conservative:Conservative:Conservative:Conservative:Conservative:Conservative:Conservative:Conservative:Conservative: unitary (§2.2)

§4.3: Self-adjoint:Self-adjoint:Self-adjoint:Self-adjoint:Self-adjoint:Self-adjoint:Self-adjoint:Self-adjoint:Self-adjoint:Self-adjoint:Self-adjoint:Self-adjoint:Self-adjoint:Self-adjoint:Self-adjoint:Self-adjoint:Self-adjoint: symmetric (§4.3), skew-symmetric (§B.1), symmetric in a subspace (§4.3.1)

§4.4: Local:Local:Local:Local:Local:Local:Local:Local:Local:Local:Local:Local:Local:Local:Local:Local:Local: tridiagonal (§4.4), variable diagonals (§C.1), periodic (§C.2), symmetric tridiagonal
(§C.3), total least squares (§C.4), regularized locality (§C.5).

§4.5: Causal:Causal:Causal:Causal:Causal:Causal:Causal:Causal:Causal:Causal:Causal:Causal:Causal:Causal:Causal:Causal:Causal: upper triangular (§D.1 D.2)

4.1 Shift-invariant systems

Shift invariance (also called ‘translation invariance’) is ubiquitous in the physical sciences. Spa-
tially homogeneous systems – such as constant coefficient PDEs or convolution operators – are
shift invariant, and thus appear identical with respect to any (stationary) observer. In view of
Noether’s theorem [69], the conserved quantity related to shift invariance is linear momentum;
as such, incorporating shift invariance into a DMD model means that the model preserves linear
momentum. While it may be unusual for practical engineering problems to have a truly homo-
geneous direction, many problems of basic physical interest – such as wall-bounded turbulent
flow – frequently possess a spatially homogeneous dimension. In the sequel, we derive a piDMD
formulation for shift-invariant operators.

We define Sφ as the φ-shift operator i.e. Sφv(ξ) = v(ξ+φ) for all test functions v. We say that a
space-continuous linear operator A is shift invariant if A commutes with the φ-shift operator for
all shifts φ:

SφA = ASφ. (14)

An application of the shift operator shows that ifA is shift invariant then the quantity e−λξAeλξ is
constant for all ξ. Thus, neglecting boundary conditions for now, {eλξ} are eigenfunctions of A. If
the domain is normalised to [−1, 1] and has periodic boundaries, then λ = lπi for integer l. In this
case the corresponding eigenfunctions form an orthogonal basis and the operator is diagonalised
by the known eigenfunctions.

In the following, we assume that we are studying a shift-invariant system on a periodic do-
main ξ ∈ [−1, 1]. We move from the continuous formulation to a discretized space and as-
sume that we are studying a function u(ξ, t) and have access to evenly spaced samples of u at
ξ = [−1, −1 + ∆ξ, . . . , 1 − ∆ξ]. We discuss the case of non-equally spaced samples in appendix
A.3. If we define the state variable as x(t) = [u(ξ1, t), u(ξ2, t), · · · , u(ξn, t)] then the discrete-space
linear operatorA that generates x(t) is diagonalized by its eigenvectors:

A = Fdiag (â)F−1 (15)
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Figure 3: A comparison of the models learned by exact DMD and piDMD for a range of applica-
tions. piDMD identifies the spectrum of the true operator with higher accuracy than exact DMD.
The structure of the model matrices are also illustrated; piDMD models are generally more co-
herent than those learned by exact DMD. Details are given in the corresponding sections. In the
spectrum subplots, we plot the true eigenvalues as , the DMD eigenvalues as , and the piDMD
eigenvalues as .

where F j,k = e2πi(j−1)(k−1)/n/
√
n and F−1 = F∗ and {âj} are the unknown eigenvalues. Equation

(15) is equivalent to stating thatA is circulant:

A =


a0 an−1 . . . a1

a1 a0
. . .

...
...

. . .
. . . an−1

an−1 . . . a1 a0

 , (16)

i.e. Aj,k = a(j−k)modn. If the boundary conditions are instead Dirichlet or Neumann thenA is not
circulant but Toeplitz; we solve the corresponding Procrustes problem in §A.5.
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Substituting (15) into (3) and noting that the Frobenius norm is invariant to unitary transfor-
mations allows (3) to be transformed to

argmin
â
‖diag(â)X −Y‖F , (17)

where X = F∗X and Y = F∗Y are the spatial discrete Fourier transforms ofX and Y . As such,
X and Y can be efficiently formed in O(mn log(n)) operations using Fast Fourier Transform (FFT)
methods [70].

The rows of the cost function (17) now decouple to produce n minimization problems:

argmin
âj

‖âjX̃ j − Ỹj‖F for 1 ≤ j ≤ n, (18)

where X̃ j and Ỹj are the jth rows of X and Y , respectively. An alternative view of this step is that
spatial wavenumbers decouple in shift-invariant systems, so we may analyse each wavenumber
individually. The optimal solution for each eigenvalue follows as

âj = ỸjX̃
†
j = ỸjX̃

∗
j

/
‖X̃ j‖22 . (19)

In principle, standard DMD methods [19, 21] could be encouraged to respect shift invariance by
augmenting the data matrices with their shifted counterparts. However, one would strictly need
to include n shifts, thus producing nm samples which is usually too large in applications. In
contrast, the above solution is extremely efficient via the use of the FFT and the decoupling of
wavenumbers.

The appendices include alternative solutions for cases where the system is shift-invariant and
symmetric, skew-symmetric or unitary (§A.1), low rank (§A.2), the samples are not equally spaced
(§A.3), the total least squares case (§A.4), and when the system is Toeplitz or Hankel (§A.5).

4.1.1 Example: plane channel flow

Our next example is the incompressible flow inside a plane channel of size 2π × 2 × 2π along the
spatial x, y, and z coordinates that indicate the streamwise, wall-normal, and spanwise directions,
respectively. The configuration considers a Reynolds number of Re = 2000 based on the chan-
nel half-height and the centerline velocity, and periodic boundary conditions in the open faces of
the channel, hence the flow is homogeneous in the x and z directions. We use the spectral code
Channelflow [71] to perform direct numerical simulations (DNS) with the same numerical configu-
rations as that presented in [68].

The dataset investigated is generated from a DNS of the response of the laminar flow with
parabolic velocity profile to a localized perturbation in the wall-normal velocity component of the
form

v(x, y, z, 0) =

(
1− r2

c2r

)
(cos(πy) + 1) e(−r

2/c2r−y2/c2y), (20)

where r2 = (x− π)2 + (z − π)2, the parameters are set to cr = 0.7 and cy = 0.6, and the amplitude
of the perturbation was scaled to have an energy-norm of 10−5 to ensure that the effect of non-
linearity is negligible. This initial condition, which was first studied in [72] and also in [68], is a
model of a disturbance that could be generated in experiments using a spanwise and streamwise
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Figure 4: Learning the spectrum of the linearized Navier–Stokes equations from velocity mea-
surements of the response to a localized disturbance in a channel flow. piDMD embeds the shift-
invariant structure of the Navier–Stokes equations into the model learning framework, thus learn-
ing the spectrum of the linearized operator with improved accuracy over exact DMD.

periodic array of axisymmetric jets injecting fluid perpendicular to the wall. The dataset obtained
from this simulation is then comprised of a sequence of 300 snapshots of the three-dimensional
velocity-perturbation field recorded every 0.5 time units.

Our aim is to learn the spectrum of the underlying linear operator that best describes the evo-
lution of the DNS snapshots. When directly applying exact DMD to this dataset, the algorithm
attempts to find global modes for the three-dimensional velocity field and their spectrum. This is
challenging because modes associated to different streamwise and spanwise wavenumbers may
be mixed, leading to spurious eigenvalues, as shown in figure 4. However, we know that the flow
is homogeneous in the x and z coordinates, and is therefore shift-invariant in these directions.
Hence, we can leverage piDMD to incorporate this property, forcing the resulting matrix to re-
spect, by construction, the structure with three nested levels shown in figure 4. In practice, this
amounts to reshaping every snapshot, taking the FFT in the dimensions corresponding x and z,
and performing DMD on the y-dependent Fourier amplitudes for every streamwise and spanwise
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wavenumber tuple. Although simple, this has a tremendous impact on the quality of the learned
spectrum. Shift-invariant piDMD produces modes that are associated with a single wavenumber
tuple, which forces the modes to respect the spatial periodicity of the underlying system.

The spectra learned from both approaches are compared in figure 4, showing that piDMD re-
sults in a far more accurate eigenvalue spectrum. The DMD calculation considers a truncated SVD
of rank 200. The piDMD results were obtained with a rank truncation of 50 at every wavenumber
tuple.

4.2 Conservative systems

Conservation laws are foundational to all areas of science. Identifying quantities that remain
constant in time – such as mass, momentum, energy, electric charge, and probability – allow us to
derive universal governing equations, apply inductive reasoning, and understand basic physical
mechanisms. In this section we demonstrate how conservation laws can be incorporated into the
DMD framework.

Suppose that we are studying a system that we know conserves energy. In applications of
DMD, it is implicitly assumed that measurements of the state have been suitably weighted so
that the square of the 2-norm corresponds to the energy of the state [68]: E(x) = ‖x‖22. In these
variables, the original optimization problems (2, 3) equate to finding the model A that minimises
the energy of the error between the true and predicted states (yk and Axk respectively). Thus,
if A represents a discrete-time linear dynamical system (yk = xk+1 = Axk) then A is an energy
preserving operator if and only if

E(Ax) = ‖Ax‖22 = ‖x‖22 = E(x) for all x ∈ Rn. (21)

In words, (21) states that A does not change the energy of the system but merely redistributes
energy between the states. In matrix terminology, (21) holds if and only if A is unitary. Therefore,
for conservative systems the optimization problem (3) is the orthogonal Procrustes problem de-
scribed in section 2.2, and the solution is given by (13). The eigenvalues ofA lie on the unit circle,
and the eigenvectors are orthogonal. Thus, the eigenvectors oscillate in time, with no growth or
decay. Since the solution of the orthogonal Procrustes problem (13) requires the full SVD of an
n× n matrix, it can be more computationally efficient to first project onto the leading POD modes
and build a model therein. In this case, the model is only energy preserving within the subspace
spanned by the leading POD modes.

Noise is a substantial problem for most DMD methods, and a common remedy is to phrase
the DMD optimization (2) as a total least squares problem [34]. Perhaps surprisingly, the solution
to the orthogonal Procrustes problem (13) is also the solution to the total least squares problem
when the solution is constrained to be orthogonal [43]. Thus, the solution (13) is optimal even
when there is noise in both X and Y , as long as the noise has the same distribution in X and Y .
There are various problems closely related to the orthogonal Procrustes problem, including the
case where A lies on the Steifel manifold (i.e., when A is rectangular with orthonormal columns
[48]), there is a weighting matrix [47], missing data [42], or high amounts of noise [46].

4.2.1 Example: Re = 100 flow past a cylinder

We now apply this energy-preserving piDMD to study the flow past a cylinder, which is a bench-
mark problem for modal decompositions [22]. The Reynolds number is Re = DU/ν = 100 where
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Figure 5: Learning the spectrum of the flow past a cylinder with noisy measurements with DMD
and energy-preserving piDMD.

D is the diameter of the cylinder, U is the free-stream velocity and ν is the kinematic viscosity.
The data consist of 151 samples of vorticity measurements, corresponding to five periods of vor-
tex shedding, taken on a grid of 199×449 points. We note that the 2-norm of the measurements
is approximately constant in time. The data are contaminated with 20% Gaussian noise, as illus-
trated in the top left panel of figure 5. We truncate the data to the first 15 POD modes and learn a
standard DMD model, and an energy-preserving piDMD model.

piDMD learns a more accurate representation of the leading-order dynamics than standard
DMD. For the high-order modes, the eigenvalues learned by DMD exhibit spurious damping
whereas the eigenvalues learned by piDMD are purely oscillatory and remain on the imaginary
axis. The trajectories of the POD coefficients are also more accurate for piDMD, and do not exhibit
the spurious energy loss caused by noise.

4.3 Self-adjoint systems

Self-adjoint systems are another important class of linear systems that arise frequently in solid
mechanics, heat and mass transfer, fluid mechanics, and quantum mechanics. When studying a
system known to be self-adjoint we can use piDMD to constrain our modelA to lie in the manifold
of symmetric (Hermitian) matrices, such that A = A∗. Symmetric matrices have real eigenvalues
and, by the spectral theorem, are diagonalisable. This restriction places a significant constraint on
the learned model and can substantially reduce the sensitivity of DMD to noise.

The minimum-norm solution of the symmetric Procrustes problem [73] is

A = UX LU
∗
X , (22)

where the entries of L are
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Li,j = Lj,i =


σiCj,i + σjCi,j

σ2i + σ2j
if σ2i + σ2j 6= 0,

0 otherwise,
(23)

where C = U∗XY V X and X = UXΣXV
∗
X is the SVD of X , and σi is the ith singular value.

The solution of the skew-symmetric case is similar (§B.1), and algorithmic solutions are available
when A is instead constrained to be positive definite [44]. For large scale systems, a low-rank
approximation to A can be obtained by truncating the SVD of X . If the SVD is truncated to rank
r, then L is an r × r matrix. This low-rank approximation preserves the self-adjointness of the
model.

The symmetric Procrustes problem is connected to the orthogonal Procrustes problem (§4.2)
via the fact that every unitary matrixU can be expressed as the exponential of a Hermitian matrix
H as U = exp(iH).

4.3.1 Learning energy states of the Schrödinger equation

Possibly the most famous self-adjoint operator is the quantum Hamiltonian, Ĥ [74]. In quan-
tum mechanics, physical quantities of interest, such as position, momentum, energy, and spin,
are represented by self-adjoint linear operators called ‘observables’, of which one example is the
Hamiltonian. The Hamiltonian describes the evolution of the probabilistic wave function via the
time-dependent Schrödinger equation:

i~
d

dt
|Ψ(t)〉 = Ĥ|Ψ(t)〉. (24)

Solutions of (24) take the form of an eigenmode expansion

Ψ(ξ, t) =
∞∑
j=1

αj ψj(ξ) e−iEjt/~, (25)

where Ej is an energy level (eigenvalue) of Ĥ with corresponding eigenstate ψj , the coefficients
αj are determined by the initial distribution of the wave function, and ξ is the spatial coordinate.

We consider a wave function evolving according to the two-dimensional Schrödinger’s equa-
tion subject to an unknown Hamiltonian function. The unknown potential function is taken to
be a finite well in a hexagonal shape. We collect measurements of the wave function and its ve-
locity and train an exact DMD model and a piDMD model. In practice, empirical measurements
of the wavefunction can be obtained through optical tomographic methods [75, 76] or sequential
measurements of complementary variables [77]. The data matrices X and Y are formed from
measurements of |Ψ(t)〉 and i~ d

dt |Ψ(t)〉 respectively, which are themselves formed by superposing
eigenfunctions obtained by a finite difference method. Thus, the matricesX and Y are connected
by an unknown self-adjoint Hamiltonian Ĥ and we may apply our self-adjoint DMD optimiza-
tion. The measurements of Y are contaminated with Gaussian noise but the measurements of X
are clean.

Constraining the learned Hamiltonian to be self-adjoint reduces the sensitivity of the learning
process to noise, as evidenced by figure 6. From the bottom left panel, we see that the energy levels
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Figure 6: Learning the eigenstates of a quantum Hamiltonian of a hexagonal well with the self-
adjoint piDMD.

of the piDMD model are physically consistent insofar as they are all real and positive. In contrast,
the energy levels learned by standard DMD exhibit a spurious imaginary component, which will
produce unrealistic growth/decay of the eigenstates. Both methods miss one eigenstate (En ∼ 7.5)
since this particular mode is not well-represented in the data. Additionally, the eigenstates learned
by piDMD are much less noisy than those learned by standard DMD. This can be explained by
noting that the eigenstates learned by piDMD lie in the span of X , which is clean, whereas the
eigenstates learned by standard DMD lie in the span of Y , which is noisy. Lemma B.1 proves
that the symmetric piDMD model (22) is less sensitive to noise than the exact DMD model (7).
In summary, a physics-aware approach enables a more accurate identification of quantum energy
levels and the associated eigenstates.

4.4 Spatially local systems

A hallmark of most physical systems is spatial locality. Points close to one another will usually
have a stronger coupling than points that are far from one another. For example, basic physical
processes such as convection and diffusion are spatially local. In most DMD applications, the
data are collected from a spatial grid, but the grid rarely plays a role in the DMD analysis beyond
forming the energy norm [68]. In fact, the output of the exact DMD algorithm remains invariant to
unitary transformations on the rows and columns of the data matrices, so that randomly shuffling
the rows (i.e., the spatial locations) will result in identical DMD models with the corresponding
shuffling of the rows of the modes [57, 78]. Knowledge of the underlying grid from which the data
were collected enables us to bias the learning process to prioritise relationships that we expect to
have a strong local coupling.

Herein we consider the one-dimensional case; the analysis generalises straightforwardly to
higher dimensions. We assume that the entries of x are samples of a function u taken at n grid
points {ξi}. The grid points can be arranged sequentially so that: ξi < ξi+1. By the spatial locality
principle, we expect states that are spatially close to one another to have a stronger coupling than
states that are spatially far from one another. For example, we may expect entries close to the
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diagonal ofA to be larger than entries far from the diagonal. Then the entries ofAwould satisfy

|Ai,j | ≥ |Ai,k| for |j − i| < |k − i|. (26)

Equation (26) is merely a heuristic, and we would expect it to hold on average rather than for
each (i, j, k). Additionally, (26) is a difficult and expensive condition to implement in practice
as it involves O(n2) inequality constraints. Instead, we consider an alternative version of spatial
locality where we only permit coupling between states that are sufficiently close:

|Ai,k| = 0 for d < |k − i|. (27)

Equation (27) describes a d-diagonal matrix. If d = 0 then states can only affect themselves and A
is diagonal (comparable to (17)). A more interesting case is if d = 1 and we only allow coupling
between adjacent states. ThenA is tridiagonal: the entries ofA are zeros except the leading, upper
and lower diagonals:

A =



β1 γ1
α2 β2 γ2

α3
. . .

. . .

. . .
. . . γn−1
αn βn

 . (28)

We now solve the optimization problem (3) whenM is the manifold of tridiagonal matrices. Ap-
pendix C includes many solutions for more general diagonal-like structures including longer-
range and variable coupling (§ C.1), spatially periodic local systems (§ C.2), self-adjoint (§ C.3),
total-least squares (§ C.4), and weaker local structures (§ C.5). Since the rows of A are decoupled,
we can row-wise expand the Frobenius norm in (3) to obtain n smaller minimization problems:

argmin
αi, βi, γi

‖αix̃i−1 + βix̃i + γix̃i+1 − ỹi‖2 for 1 ≤ i ≤ n, (29)

with the convention α1 = γn = 0 and x̃0 = x̃n+1 = 0. Recall that x̃i and ỹi are the i-th rows of X
and Y respectively (4). Each minimization problem (29) has the minimum-norm solution

[
αi βi γi

]
= ỹi

x̃i−1x̃i
x̃i+1

† for 1 ≤ i ≤ n. (30)

Each of the n minimizations costs O(m) so the total cost is O(mn).

4.4.1 Example: data-driven resolvent analysis

We consider a system of the form

ut = Au+ f(ξ, t) (31)

and aim to design a control strategy for the forcing f via input-output analysis [68, 79–81]. Fourier
transforming in time and rearranging produces û = Rωf̂ where Rω = (iω −A)−1 is the resolvent
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of A and the hats ·̂ denote the Fourier transform in time. We wish to understand the form of the
forcing f̂ that produces the largest response in û. Formally, the optimal forcing (φ1), response (ψ1),
and gain (σ1) for each frequency component satisfy

φ1 = argmax
‖φ1‖2=1

‖Rωφ1‖2, σ1 = ‖Rωφ1‖2, ψ1 = σ−11 Rωφ1. (32)

We may also investigate the higher-order singular triplets (σj , φj , ψj) that satisfy equivalent con-
ditions with the additional requirement of orthogonality of {φj} and {ψj}. Equivalently, we wish
to determine the Hilbert–Schmidt decomposition of Rω [82]:

Rω =

∞∑
j=1

σjψj(ξ) 〈φj , ·〉 , (33)

which is analogous to the SVD of the discretization of Rω.
Recently, the authors have proposed ‘data-driven resolvent analysis’ as an efficient method

for learning the singular triplets of a system purely from data measurements [68]. The method
is analogous to DMD, except instead of computing the eigenmodes via eigendecomposition, we
compute the resolvent modes via a singular value decomposition. In the following example, we
demonstrate that piDMD can be integrated into data-driven resolvent analysis to provide physics-
informed diagnostic information about the optimal forcings and responses of the system.

We consider the problem of designing a strategy to control the concentration of a solute that
is governed by unknown dynamics. The solute concentration u is governed by the convection-
diffusion operator Au = uξξ + a(ξ)uξ where a represents a non-constant convection term (here
taken to be a random function) and boundary conditions uξ(−1) = u(1) = 0. A typical simulation
is illustrated in the left panel of figure 7. The convection-diffusion operator is a canonical example
of a non-normal system where the typical eigenvalue analysis fails to provide meaningful infor-
mation [83, 84] . Our goal is to determine the forcings f̂ that produce the largest increase in solute
in the frequency domain.

We solve the convection-diffusion equation in Chebfun [85] and collect 2,000 snapshots of u
evaluated at 100 evenly spaced grid points. The snapshots matrices X and Y are formed from
measurements of u and ut respectively. We apply data-driven resolvent analysis with DMD and
piDMD and compute the learned operators, resolvent norm, and forcing and response modes.
For both algorithms, we approximate ut from the measurements of u. The piDMD model is con-
strained to be tridiagonal, and the DMD model has rank 40. From the visualizations of the learned
models in the center of figure 7, we see that the standard DMD identifies spurious relationships
between the states, whereas piDMD, by construction, identifies a stronger coupling between ad-
jacent states. The model learned by piDMD is reminiscent of the finite difference matrix; indeed,
local piDMD may be viewed as a data-driven discovery of a finite difference stencil.

The benefit of piDMD is evidenced in its accurate identification of the resolvent modes (for
ω = 1), as seen in the right panel of figure 7. The true resolvent modes are computed in Chebfun
(see section 12 of [86]). The modes learned by standard DMD are highly inaccurate for all j,
and are completely incoherent for j > 2. In contrast, piDMD accurately determines the mode
shapes, and associated gains for a range of frequencies. The physics-informed approach even
determines the correct boundary conditions of the response and forcing modes, and resolves the
complicated structures associated with the non-normality of the system. In particular, enforcing
spatial locality enables piDMD to identify modes that are poorly represented by the data, which
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Figure 7: Data-driven resolvent analysis of the convection-diffusion equation for DMD and
piDMD. The piDMD model is constrained to be tri-diagonal and therefore respects the spatial
locality of the system. Incorporating this physical structure results a significant improvement in
the identification of the resolvent norm, response modes, and forcing modes.

allows for diagnostic analysis that generalises outside of the training regime. Equipped with these
data-driven modes, one could now design a low-rank control strategy for the solute concentration.

Analogously to finite difference methods, the accuracy of local piDMD involves a trade-off
between the grid sizes in space and time. Future work should focus on clarifying these issues.

4.5 Causal systems

Causality is the process by which the behaviour of one state (the cause) influences another state
(the effect). Many systems posses a spatially causal structure where each state depends only on
‘upstream’ states and are unaffected by ‘downstream’ states. Specifically, we may express the jth
state as a function of the n − j upstream states only: yj = f(xj , xj+1, . . . xn). For example, yn
depends only on xn whereas y1 depends only all the elements of x. Accordingly, if we know that
the system at hand possesses a spatially causal structure we may seek a piDMD model that is
upper triangular. Such structures are typical of a system with causal features, for example, time-
delay coordinates [87], feed-forward/strict-feedback systems [88, 89], and other control systems
[90].

As in section 4.4, we may decouple the rows ofA in (3) and expand the cost function row-wise
to obtain n smaller minimization problems:

argmin
Aj,j:n

‖Aj,j:nXj:n, : − ỹj‖2 for 1 ≤ j ≤ n. (34)

where we have employed the MATLAB colon notation j :n to indicate entries from j to n and : to
indicate entries from 1 to n. Here, ỹj represents the j-th row of Y . The (minimum norm) solution
of (34) is obtained via the pseudoinverse of each sub-block ofX as

Aj,j:n = ỹjX
†
j:n, : for 1 ≤ j ≤ n. (35)
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Naively evaluating (35) for each j would require building n pseudoinverses for a total cost of
O(n2mmin(m,n)). Fortunately, consecutive blocks of X (e.g. Xj−1:n, : and Xj:n, :) are related by
a rank-1 update, so we can solve every problem in (35) for a total of O(nmmin(n,m)) operations.
(see appendix D.1 for further details). However, this approach is very numerically unstable when
applied to realistic data with high condition number. Thus, in appendix D.2 we derive a more
stable alternative.

We illustrate this causal structure on a simple example defined by the Volterra-type integro-
differential equation

∂u

∂t
(ξ, t) =

∫ ξ

−1
K(ξ, ν)u(ν, t),dν − 1 ≤ ξ ≤ 1. (36)

Similar systems have been used to model transmission lines in neural networks during bursting
activity [91] and the spread of disease in epidemics [92]. Taking K(ξ, ν) =

√
1− ξ2

√
1− ν2 and

u(ξ, 0) = exp(−ξ2), we numerically simulate (36) and constructX and Y from measurements of u
only (velocity measurements are not used). The results of piDMD are illustrated in the penultimate
row of figure 3, and indicate that piDMD is able to learn the leading eigenvalues while standard
DMD fails. Note that the true spectrum here is continuous.

5 Conclusions and outlook

This work presents physics-informed dynamic mode decomposition (piDMD), a physics-aware
modal decomposition technique that extracts coherent structures from high-dimensional time-
series data. Rephrasing the DMD regression (2) as a Procrustes problem (3) shows that partially-
known physics can be incorporated into the DMD framework by enforcing a matrix manifold con-
straint determined by known physics. We have applied piDMD to five of the most fundamental
physical principles: conservation laws, self-adjointness, shift-invariance, locality, and causality. In
several of these cases, we have presented new ‘exact’ solutions of the corresponding optimization
problems. The examples presented demonstrate that piDMD can exhibit superior performance
compared to classical DMD methods that do not account for the physics of the system.

The framework developed herein offers exciting new opportunities and challenges for data-
driven dynamical systems, numerical linear algebra, convex optimization, and statistics. Fortu-
nately, many research advances developed for classical DMD can also be leveraged to enhance
piDMD. We conclude the paper with a brief discussion of the limitations of piDMD, and suggest
promising future research directions.

5.1 Limitations and extensions

Each of the fours steps of the piDMD framework outlined in section 3 pose distinct challenges.
In some scenarios where the physics is poorly understood, determining suitable physical laws to
impose on the model (step 1, ‘modeling’) can be challenging. For problems with intricate geome-
tries and multiple dimensions, interpreting the physical principle as a matrix manifold (step 2,
‘interpretation’) can be the roadblock, as the manifold can become exceedingly complicated. We
have already commented on the challenges and opportunities posed by step 3 (‘optimization’),
and suggested algorithmic solutions [51]. Finally, the typically large state dimension and number
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of samples can obfuscate step 4 when the matrix manifold does not easily admit the desired diag-
nostics. For example, if A has a complicated banded structure, as in local piDMD, it may not be
amenable to a fast eigendecomposition or SVD.

The solutions presented herein exhibit various levels of sensitivity to noise. As is typical of
DMD methods, most solutions are unbiased with respect to Y , but can be quite sensitive to noise
in X . Some of the solutions we have presented are relatively insensitive (§4.2) or can be refor-
mulated in the total least squares sense (§A.4, §C.4). A full characterization of the sensitivity of
piDMD should be performed on a case-by-case basis for different manifold constraints, and will
be the subject of future investigations.

The Procrustes problem (3) is not the only means of incorporating physical principles into the
DMD process. Closely related to Procrustes problems are ‘nearest matrix’ problems [93] where,
given a matrix Â, we seek the closest matrix on some matrix manifoldM:

argmin
A∈M

‖A− Â‖. (37)

Equation (37) can be viewed as a special case of the Procrustes problem (3) where Y = Â and
X = I . As such, nearest matrix problems are generally easier to solve than Procrustes problems.
The nearest matrix problem (37) can be used to project any DMD model onto the nearest phys-
ically consistent model, or within optimization routines, such as proximal gradient methods or
constrained gradient descent, to constrain the solution to the feasible set.

As presented, piDMD strictly requires that the model A lies on the chosen matrix manifold
M. In many applications, such as when the data are very noisy or the physical laws and/or
constraints are only approximately understood, it may be more appropriate to merely ‘encourage’
A towardM. In such cases, the piDMD regression (3) becomes

argmin
A

‖Y −AX‖F + λR(A), (38)

where the first term is the reconstruction loss, R is a physics-informed regularizer, and λ is a
user-defined constant that tunes the relative importance of the reconstruction and regularization.
For example, R(A) could represent the distance between A andM, which can be computed by
solving the nearest matrix problem (37). An example of such a problem is solved in appendix C.5.

DMD models may be trained in discrete or continuous time. In discrete time with a constant
sampling rate, the snapshots inY are yk = xk+1, whereas in the continuous time we have yk = ẋk.
If the continuous time operator is AC , then the discrete time operator is AD = exp(∆tAC). In
special cases, the matricesAC andAD may lie on the same manifold, such as the upper-triangular
and circulant manifolds; however, in general, they do not. For example, if AC is tridiagonal, then
AD is not generally tridiagonal. Accordingly, if only discrete-time measurements are available but
the matrix manifold is imposed on the continuous-time operator, then the optimization problem
to solve is

argmin
A∈M

‖Y − exp(∆tA)X‖F , (39)

which is a much more difficult optimization problem.
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Appendices

The following appendices provide further details of the optimization problems considered in this
paper.

A Further details of shift-invariant systems

Here we detail several extensions to the shift-invariant DMD problem introduced in section 4.1.
Figure 8 compares these alternative solutions for training data from the 2-D advection equation.

A.1 Symmetric, skew-symmetric and unitary circulant matrices

Now consider the case where A is symmetric and circulant. An application of (15) reveals that a
circulant matrix is symmetric if and only if its eigenvalues {âi} are real. Thus, the minimization
problem is

argmin
=[â]=0

‖diag(â)X −Y‖2F . (40)

Expanding the Frobenius norm row-wise and enforcing stationarity yields the optimal value as

âj =
<
[
ỸjX̃

∗
j

]
∥∥∥X̃ j

∥∥∥2
2

. (41)

The case of a skew-symmetric circulant matrix is similar except the eigenvalues are now imagi-
nary; the solution is

âj = i
=
[
ỸjX̃

∗
j

]
∥∥∥X̃ j

∥∥∥2
2

. (42)

Finally, for a unitary circulant matrix (when the eigenvalues lie on the unit circle), we have

âj =
ỸjX̃

∗
j∥∥∥ỸjX̃
∗
j

∥∥∥
2

. (43)
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A.2 Best rank-r circulant approximant

Now consider the problem where A is both circulant and rank r ≤ n. Since the rank of a matrix
is the number of non-zero eigenvalues, the rank of a circulant matrix is the number of non-zero
entries in â. Thus, only r entries in â are permitted to be non-zero and the minimization problem
(17) becomes

argmin
‖â‖0=r

‖diag(â)X −Y‖F . (44)

Equivalently, given the solution (15), we must select r eigenvalues to maintain and set all other
eigenvalues to zero. To minimise the cost function, the r chosen eigenvalues should contribute to
the largest reduction in the cost function. The extent to which each eigenvector minimises the cost
function is characterised by their residual:

ρj =

√
‖Ỹj‖22 − ‖X̃ j − âjX̃ j‖22 =

<
[
ỸjX̃

∗
j

]
‖X̃ j‖2

. (45)

A large residual indicates a large reduction in the cost function and vice versa. Therefore, the r
non-zero eigenvalues to maintain are the r with the largest residuals.

A.3 Learning shift-invariant operators with non-equispaced samples

Here we extend the method of section 4.1 to allow spatial samples that are not equally spaced.
We begin by formulating the Procrustes problem (3) in continuous space. Suppose that we have
access to measurements of functions u(ξ, t) and v(ξ, t) for all ξ ∈ [−1, 1] but at discrete points
t ∈ {tj | j = 1, . . . ,m}. Then, the continuous-space piDMD regression (3) is

argmin
A∈M

m∑
j=1

‖v(ξ, tj)−Au(ξ, tj)‖22 , (46)
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where the continuous 2-norm is

‖f(ξ)‖22 =

∫ 1

1
|f(ξ)|2dξ. (47)

We now constrain A to be a shift-invariant operator on a periodic domain. Such operators are
diagonalized by exponential functions (§4.1) so we may write

Af(ξ) =
∞∑

k=−∞
âkeiπkξ f̂(k), (48)

where f̂(k) is the finite Fourier transform of f at wavenumber k:

f̂(k) =

∫ 1

−1
f(η)e−iπkηdη. (49)

Furthermore, if u and v are sufficiently smooth in ξ (e.g. they are Hölder continuous [94]) then we
may write

u(ξ, t) =

∞∑
k=−∞

û(k, t)eiπkξ, v(ξ, t) =

∞∑
k=−∞

v̂(k, t)eiπkξ. (50)

Applying Parseval’s theorem in concert with (48) and (50) shows that the minimization problem
(46) is equivalent to

argmin
âk

m∑
j=1

∥∥∥∥∥
∞∑

k=−∞
(v̂(k, tj)− âkû(k, tj)) eiπkξ

∥∥∥∥∥
2

2

= argmin
âk

∞∑
k=−∞

m∑
j=1

|v̂(k, tj)− âkû(k, tj)|2 . (51)

Furthermore, writing û =
[
û(k, t1) · · · û(k, tm)

]
and v̂ =

[
v̂(k, t1) · · · v̂(k, tm)

]
transforms

the right side of (51) to

argmin
âk

∞∑
k=−∞

‖v̂(k)− âkû(k)‖22 ,

whose solution is

âk = v̂(k)û†(k) = v̂(k)û∗(k)
/
‖û(k)‖22 . (52)

Thus, (52) solves the continuous-space shift-invariant piDMD regression (46). Note that the solu-
tion (52) depends only on the Fourier coefficients of u and v (50).

Now, suppose that we only have measurements of u and v at arbitrary discrete grid points
ξ ∈ {ξl}. We can then approximate the solution (52) by approximating the coefficients of the
Fourier coefficients v̂(k) and û(k). The samples at {ξl} correspond to the quadrature rule for the
Fourier coefficients (49)

f̂(k) ≈
n∑
l=1

wl f(ξl)e−iπkξl (53)

where wk = (ξk+1− ξk−1)/2 (mod 1) are the quadrature nodes for the grid. We can now use (53) to
approximate v̂ and v̂ and thereby approximate the solution (52). The sums (53) can be computed
efficiently with the non-uniform discrete Fourier transform (NUDFT–II, [70, 95]).
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A.4 Total least-squares circulant problem

A equivalent statement of the Procrustes problem (3) is

argmin
A∈M

‖R‖F subject toAX = Y +R. (54)

As such, the formulation of (3) assumes assumes that any errors are in Y only. Alternatively, we
can consider errors in bothX and Y and reformulate (3) as

argmin
A∈M

‖[R S]‖F subject toA (X + S) = Y +R (55)

This approach is usually more principled as there will be inevitable errors in measurements of X
and Y . Here we show that we can adapt the circulant solution of §4.1 to account for noise in both
sets of measurements. Again, by the invariance of the Frobenius norm with respect to unitary
transformations, (55) is equivalent to

argmin
â
‖[R S]‖F subject to diag (â) (X + S) = Y + R (56)

where R = F∗R and S = F∗S. Again, the rows decouple to produce n smaller problems:

argmin
âi

∥∥∥[R̃i S̃i

]∥∥∥
F

subject to âi

(
X̃ i + S̃i

)
= Ỹ i + R̃i. (57)

for 1 ≤ i ≤ n. These problems may now be solved in the total least squares sense [35, 96].
We will briefly characterize the scenario where the total least-squares circulant model is statis-

tically optimal. By optimal here, we mean that the model converges to the true model in probabil-
ity as the number of samples increases [97]. In the unconstrained case, it is known that this is the
case when the entries ofR and S are random variables with zero mean and the covariance matrix
of vec ([R S]) is a multiple of the identity matrix [97]. Therefore, the solution of the total least
squares problem (57) will be statistically optimal if

Var (Ri,j) = Var (Si,j) and Cov (Ri,j ,Si,j) = 0. (58)

In words the circulant-TLS problem is statistically optimal if errors inR andS have equal variance
for a given wavenumber and the errors between Cov (Ri,j ,Si,j) are independent. These condi-
tions are met if R and S are independent random variables of equal variance σ, in which case
we have Var (Ri,j) = Var (Si,j) = σ2. Therefore, if the unconstrained total least squares model is
statistically optimal then so is the circulant piDMD model.

A.5 Toeplitz and Hankel matrices

Here we adapt the optimization of section §4.1 to Toeplitz matrices, which take the form

A =


a0 a−1 · · · a−(n−1)

a1 a0
. . .

...
...

. . .
. . . a−1

an−1 · · · a1 a0

 . (59)
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Similarly to the circulant case, Ai,j = ai−j but now the subscripts not are considered modulo n.
The Procrustes problem for a Toeplitz matrix was considered by [98]. We produce an alternative
solution based on the fast Fourier transform, analogous to the solution for the circulant Procrustes
problem (§4.1). A Toeplitz matrix can be embedded in a circulant matrix as

C =

[
A Ã

Ã A

]
where Ã =


0 an−1 · · · a1

a−(n−1) 0
. . .

...
...

. . .
. . . an−1

a−1 · · · a−(n−1) 0

 (60)

Similarly to §4.1, the circulant matrix C is diagonalized by the DFT matrix F (which is now 2n×
2n). Thus, we may write C = F∗diag(â)F and the minimization (3) becomes

argmin
â

∥∥∥Î∗diag(â)X − Y
∥∥∥2
F

(61)

where Î = F
[
I
0

]
and X = F

[
X
0

]
. It can be shown that the optimal coefficients â solve the linear

system

Hâ = d where H =
(
Î Î
∗ �XX ∗

)
, d = diag

(
ÎY X ∗

)
(62)

and� represents element-wise multiplication (i.e. the Hadamard product). Note that a similar op-
timization arises in the computation of the amplitudes of DMD modes [99]. While mathematically
correct, numerical implementations of (62) can be difficult. Specifically, issues arise because the
Gramian matrix XX ∗ will typically be large and ill-conditioned. Thus, we expect that one could
find more efficient algorithms to calculate A, possibly by adapting methods for fast solutions of
Toeplitz systems [100–102].

This approach also applies to Hankel matrices, which take the form

A =


a0 a1 . . . an−1

a1 a2 . .
. ...

... . .
.

. .
.

a2n−3
an−1 . . . a2n−3 a2n−2

 (63)

i.e. each ascending skew-diagonal is constant: Ai,j = ai+j−2. Hankel matrices are upside-down
Toeplitz matrices: ifA is Hankel, then JA is Toeplitz, where J is ths upside-down identity matrix.
Thus, the Procrustes problem for a Hankel matrix is equivalent to the for a Toeplitz matrix with a
suitable flipping of the data.
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B Further details of self-adjoint systems

B.1 Skew-symmetric systems

If A is constrained to be skew-symmetric then (22) and still holds and C = U∗XY V X but now L
is now defined by

Li,j = −Lj,i =


−σiCj,i + σjCi,j

σ2i + σ2j
if σ2i + σ2j 6= 0,

0 otherwise.
(64)

B.2 Sensitivity of symmetric piDMD

In light of the results of section 4.3, we now compare the sensitivities of the symmetric piDMD
model (22) and exact DMD model (7). In particular, we will show that the elements of the piDMD
model have lower variance than those of the corresponding exact DMD model. Higham [41]
also investigated the sensitivity of the symmetric Procrustes problem, but from the perspective of
numerical stability; here we take a statistical perspective. In this section only, we denote the exact
DMD solution (7) asAe and the symmetric piDMD solution (22) asAs.

We assume that measurements of Y are contaminated with I. I. D. Gaussian noise. For now,
we neglect noise in X , which could be incorporated via a total least square approach [34, 35],
By linearity, it is sufficient to consider Y i,j ∼ N (0, 1). Again, since exact DMD and symmetric
piDMD are linear models, they are unbiased estimators:

E
(
As
i,j

)
= E

(
Ae
i,j

)
= 0.

We now compare the variance of the models. Extensive algebra produces explicit expressions for
the variances ofAe

i,j andAs
i,j as

Var (Ae
i,j) =

r∑
l=1

U2
j,l

σ2l
, (65)

Var(As
i,j) =

1

2

r∑
k=1

r∑
l=1

(U i,kU j,l +U i,lU j,k)
2

σ2k + σ2l
, (66)

where U is the matrix of left singular vectors of X , {σl} are the associated singular values, and
rank(X) = r. Figure 9 compares these theoretical values to empirical values for random data.
These results are in agreement with figure 6 and indicate that the variance of the piDMD model is
smaller than that of the exact DMD model. We formalize this result in the following lemma and
proof.

Lemma B.1. If the measurements of Y are contaminated with I. I. D. Gaussian noise, the variance of each
element of the symmetric piDMD model (22) is bounded above by the variance of the corresponding element
of the exact DMD model (7):

Var(As
i,j) ≤ Var(Ae

i,j). (67)
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DMD
piDMD

Figure 9: Distribution of errors in the entries of the learned models (Ae,s2,2, Ae,s13,3 and Ae,s17,6) for exact
DMD and self-adjoint piDMD. The block colors represent the frequency and the dashed lines are
the theoretical curves (65, 66).

Proof. Sedrakyan’s inequality [103] produces

(U i,kU j,l +U i,lU j,k)
2

σ2k + σ2l
≤
U2
i,kU

2
j,l

σ2l
+
U2
i,lU

2
j,k

σ2k
.

Therefore,

Var(As
i,j) ≤

1

2

r∑
k=1

r∑
l=1

(
U2
i,kU

2
j,l

σ2l
+
U2
i,lU

2
j,k

σ2k

)
=

r∑
k=1

r∑
l=1

U2
i,kU

2
j,l

σ2l
=

(
r∑

k=1

U2
i,k

)
Var(Ae

i,j). (68)

The result now follows since the rows of U have unit norm so
∑r

k=1U
2
i,k ≤ 1.

This result indicates that the symmetric piDMD model is less sensitive to noise than the exact
DMD model when the noise is only in Y . Future work should investigate the case when both X
and Y are contaminated with noise, and clarify the effect of noise on the learned spectrum.

C Further details of local systems

C.1 More general local structures

The local solution of section 4.4 naturally extends to more general local structures. For example,
it may be necessary to consider longer range interactions between states and allow, say, a state
to depend on other states three grid points away. Additionally, there may be a variable local
dependence where different states can depend on different numbers of elements. For example, a
state near boundary (e.g. x1 or xn) may need to depend on more than one other state in order to
properly resolve the boundary behaviour. To make this precise, suppose that state i depends on
l(i) states to the right and u(i) states to the left above the leading diagonal (assuming that the data
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is organised from left to right). Then, the solution for the optimal matrix entries is

[
Ai−l(i),i · · · Ai,i · · · Ai+u(i),i

]
= ỹi



x̃i−l(i)
...
x̃i
...

x̃i+u(i)



†

for 1 ≤ i ≤ n (69)

with the convention Ai,j = 0 if the entry does not exist and x̃i = 0 for i < 1 or i > n. We recover
the tridiagonal solution (30) when l(i) = u(i) = 1.

C.2 Local and periodic

The tridiagonal solution in section 4.4 effectively assumed that the system had two endpoints that
were disconnected from one another. However, the spatial domain could be periodic, in which
case the first state can affect the nth state and vice versa. If we allow this structure then the matrix
A takes the form

A =



β1 γ1 α1

α2 β2 γ2

α3
. . .

. . .

. . .
. . . γn−1

γn αn βn

 . (70)

The solution for the optimal constants is identical to those stated in (30) except now the subscripts
are evaluated modulo n.

C.3 Symmetric tridiagonal

Many spatially local systems are also self-adjoint. In such cases, we may enforce that A is both
tri-diagonal and symmetric:

A =



α1 β1
β1 α2 β2

β2
. . .

. . .

. . .
. . . bn−1
bn−1 αn

 (71)

. The cost function (3) is then expressible as

‖Y −AX‖2F = ‖ỹ1 − α1x̃1 − β1x̃2‖22 + ‖ỹn − bn−1x̃n−1 − αnx̃n‖22 (72)

+
n−1∑
i=2

‖ỹi − bi−1x̃i−1 − αix̃i − bix̃i+1‖22. (73)
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Enforcing stationarity in c =
[
α1 · · · αn β1 · · · bn−1

]T produces the linear system

Tc = d (74)

where T is the symmetric block-tridiagonal matrix

T =

[
T 1 T 2

T ∗2 T 3

]
. (75)

where the blocks are

T 1 = diag
(
‖x̃1‖22 , · · · , ‖x̃n‖22

)
, (76)

T 2 =



x̃∗2x̃1

x̃∗2x̃1 x̃∗3x̃2

x̃∗4x̃3
. . .

. . .
. . .

x̃∗n−1x̃n−2 x̃∗nx̃n−1
x̃∗nx̃n−1


, (77)

T 3 =



x̃∗2x̃2 + x̃∗1x̃1 x̃∗3x̃1

x̃∗3x̃1 x̃∗3x̃3 + x̃∗2x̃2 x̃∗4x̃2

x̃∗4x̃2
. . .

. . .

. . .
. . . x̃∗nx̃n−1

x̃∗nx̃n−1 x̃∗nx̃n−1,

 (78)

and

d =
[
x̃∗1ỹ1 · · · x̃∗nỹn x̃∗1ỹ2 + x̃∗2ỹ1 · · · x̃∗n−1ỹn + x̃∗nỹn−1

]∗
.

Note that T 1 ∈ Rn×n, T 2 ∈ Rn×(n−1), and T 3 ∈ R(n−1)×(n−1). The system (74) can be solved very
efficiently by exploiting the sparsity and symmetry of T .

C.4 Local total least squares

This estimator is unbiased if there is only noise in Y . If X and Y are both contaminated by noise
then (29) can be suitably adapted and solved via total least squares [97], provided that the noise is
normally distributed and has the same (diagonal) covariance matrix forX and Y .

C.5 Weaker spatial locality

A weaker version of spatial locality can also be enforced by penalising entries via

argmin
A

‖Y −AX‖F + λ‖H �A‖F (79)

29



where H is a matrix that penalises the solution for grid points that are spatially far from one
another and λ is a regularization parameter. For example, a suitable choice for H could be the
Gaussian kernel matrix

H i,j = exp
(
‖ξi − ξj‖2/(2σ2)

)
(80)

for some parameter σ, where {ξi} are the known grid points. For generalH , the solution to (79) is

Ãi = ỹiX
∗
(
XX∗ + diag(h̃i)

)−1
for 1 ≤ i ≤ n where h̃i is the i-th row of H . Unfortunately, since the regularizer penalises every
entry ofA, the implementation of (81) costs O(n4) operations to compute the full modelA. Thus,
we recommend pursuing inexact but efficient solutions, possibly using descent methods [104].

D Further details for causal systems

D.1 Updating equations for upper triangular system

Here we present an efficient implementation of the solution (35). Consecutive blocks of X (e.g.
Xj−1:n,: andXj:n,:) are related by the rank-1 update

Xj−1:n,: =

[
0

Xj:n,:

]
+

[
1
0

]
x̃j−1. (81)

This observation enables us to efficiently calculate the pseudoinverse X̃
†
j−1:n,: from X̃

†
j:n,:. The fol-

lowing formulas come from [105] (after some simplification). Let x̂j−1 = x̃j−1

(
I −X†j:n,:Xj:n,:

)
be the orthogonal projection of x̃j onto the complement of the row space of Xj:n,:. If x̃j−1 lies in
the row space ofXj:n,: (i.e. ‖x̂j−1‖2 6= 0) then

X†j−1:n,: =
[
x̂†j−1

(
I − x̂†j−1x̃j−1

)
X†j:n,:

]
(82)

otherwise,

X†j−1:n,: =
[
0 X†j:n,:

] (
I − v†jvj

)
(83)

where vj =
[
1 −x̃j−1X†j:n,:

]
. Note that (82) and (83) can be formed using only matrix-vector

products. It turns out that the above formulation is unstable for realistic data measurements (with
high condition number). Below, we present an alternative algorithm that is as fast but more stable.

D.2 Alternative (more) stable solution

We now derive an alternative solution to the upper-triangular piDMD problem of section 4.5. In
our experience, this version is more stable than that of the previous section. We use the economy
RQ decomposition of X and write X = RQ where R ∈ Cn×n is upper triangular, and Q ∈ Cn×m
satisfiesQQ∗ = I . Note that

‖Y −AX‖2F = ‖Y ‖2F − ‖Y Q∗‖2F + ‖Y Q∗ −AR‖2F . (84)
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The first two terms in (84) are independent of A and, by the submultiplicativity of the Frobenius
norm2, have a non-negative sum. Thus, the upper-triangular Procrustes problem may be phrased
as

argmin
A∈M

‖Y −AX‖F = argmin
A∈M

‖Y Q∗ −AR‖F . (85)

Now, since the product of upper triangular matrices is upper triangular, AR is also upper trian-
gular. Thus, the lower triangular component of Y Q∗ is irrelevant to the minimization problem
and we may write the problem as

argmin
A∈M

‖triu (Y Q∗)−AR‖F , (86)

where, in MATLAB notation, triu(·) extracts the upper triangular portion of its argument. Since
the rows of A are independent, the Frobenius norm may be expanded row-wise and minimized
separately. Thus, the rows ofA solve the n smaller minimization problems

argmin
Ai,:

‖ (Y Q∗)i,i:n −Ai,i:nRi‖F for 1 ≤ i ≤ n, (87)

whereRi = Ri:n,i:n ∈ R(n−i+1)×n−i+1 is the i-th bottom right block ofR andAi,i:n ∈ Rn−i+1 is the
i-th row of A with the i − 1 leading zeros removed. Each minimization admits a unique solution
if eachRi is full rank, which occurs if the pivots ofR are non zero, i.e. X is full rank. If the data is
rank deficient, as is often the case in applications, there are infinitely many solutions. In any case,
we seek the smallest solution (in the Frobenius norm sense), which is given by

Ai,i:n = (Y Q∗)i,i:nR
†
i . (88)

CalculatingA via (88) naively requires computing each pseudoinverse n times for a total ofO(n4)
operations. As in §D.1, this complexity can be lowered with an updating procedure: following
[105], we can efficiently computeR†i usingR†i+1. Thus, we iterate through (88) backwards, starting
at i = n. when the (scalar) pseudoinverse is given by R†n,n = 1/Rn,n. Proceeding inductively, we
note that the next matrix block can be expressed as a rank-one update to the previous block:

Ri =

[
0 0
0 Ri+1

]
+

[
1
0

]
Ri,i:n. (89)

The updating formula takes one of two forms depending on whether the pivotRi,i is smaller than
some tolerance εtol close to machine precision:

Case 1: |Ri,i| > εtol

R†i =

1/Ri,i R∗i,i:nR
†
i+1/Ri,i

0 R†i+1

 . (90)

2In particular, ‖CD‖F ≤ ‖C‖F ‖D‖2 for any matrices C and D. Note the 2-norm in the second term on the right.
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Case 2: |Ri,i| < εtol

R†i =

[
0 0

0 R†i+1

](
I − αiα

∗
i

‖αi‖22

)
(91)

where αi = (Ri,i:nR
†
i+1)

∗ −
[
1 0

]T . While mathematically correct, the accuracy of (90) and (91)
can deteriorate over many iterations. Thus, in applications it may be sensible to reform the pseu-
doinverseR†i from scratch every so often.

The eigenvalues ofA can also be computed without formingA explicitly. Note that ifRi,i 6= 0
then the upper-triangular structure ofRi implies thatAi,i = (Y Q∗)i,i /Ri,i. Further, the eigenval-
ues of a triangular matrix are its diagonal entries, so {Ai,i} are the eigenvalues of A (for Ri,i 6= 0)
and can be computed without formingA fully.
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